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We consider inflation within the context of what is arguably the simplest non-metric extension of 
Einstein gravity. There non-metricity is described by a single graviscalar field with a non-minimal 
kinetic coupling to the inflaton field ^ , parameterized by a single parameter 7. We discuss the 
\^ . implications of non-metricity for chaotic inflation and find that it significantly alters the inflaton 

dynamics for fleld values >& > Mp/7, dramatically changing the qualitative behaviour in this regime. 
For potentials with a positive slope non-metricity imposes an upper bound on the possible number 
of e-folds. For chaotic inflation with a monomial potential, the spectral index and the tensor-to- 
O ' scalar ratio receive small corrections dependent on the non-metricity parameter. We also argue that 

significant post-inflationary non-metricity may be generated. 



<^ , I. INTRODUCTION 

CO . Even at the classical level, the theory of gravity has still two major open issues. First, what is the form of the action? 

C ' Here investigations have focused on extensions of Einstein gravity, such as f{R) gravities [Ij, and their implications for 

^^ , dark energy or inflation @, Q- But there is also the second, and arguably even more profound question: what are the 

C ■ true gravitational degrees of freedom? Conventionally, one just assumes metricity: that gravity can be described by 

^^ , the metric alone, setting the connection F to be the Levi-Civita connection with F = F[(7uy] by hand. In the Palatini 

' ' variation one takes the metric and the connection to be independent degrees of freedom ^] , and varying both results 

. . \ in equations of motion that differ from the metric case except if the Lagrangian has exactly the Einstein-Hilbert 

►> ■ form with f{R) = R. In the general Palatini case, the solution to equation of motion for the connection is not the 

Levi-Civita connection, and hence such theory is called non-metric. In non-metric gravity, the metric is no longer 

covariantly conserved. 

d ' However, several issues arise in the Palatini approach [5|, which may stem from the nontensorial property of the 

connection. Instead, one could consider theories with two metrics: one for describing the geometry of the manifold, 

and the other for generating the connection. Indeed, the Palatini case can be seen as a special case of a more general 

class of conformal non-metric theories. In these C-theories [y, Q one postulates a metric for the connection, g^j^ that 

is related to the gravitational metric by a conformal factor C with 5^^ — Cg^^, the Palatini-f(R) then corresponding 

to the choice C{R) = f'{R)- The connection is then the Levi-Civita connection of the connection-generating metric 

with F = F[5py]. Such a relation was originally considered by Weyl in his conformally invariant theory of gravity [8j. 

Surprisingly, the subtle refinement of the fundamental spacetime structure turns out to have concrete and interesting 

consequences, for one allowing non-metric degrees of freedom to propagate in vacuum. This is in contrast both to the 
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result of the standard metric variation (where the connection is fixed to be metric a priori) and the metric-affine, i.e. 
Palatini, variation (where the connection is constrained a posteriori) , which however can be recovered as specific limits 
of C-theories. Thus, they provide a unified approach to a variety of previously seemingly very different alternative 
gravity theories but reveal also novel possibilities hidden already in the Einstein-Hilbert action itself. 

The nature of gravity is of great relevance for models of inflation ;9|] . Since inflation occurs at very high curvature 
scales where one naturally expects corrections to Einstein's theory, the ambiguities both in the form of gravitational 
Lagrangian and its degrees of freedom should be taken into account. The purpose of this paper is to explore the 
implications of the simplest conformal non-metricity to inflationary physics. In particular, we analyze the corrections 
that inevitably appear to large-field chaotic inflation. Our approach is different from considering inflation to be driven 
by non-metricity, which has been pursued in Refs. |10l.llll|. The Palatini variation has been applied to a non-minimally 
coupled inflation [ij, [Ijl , however there taking only into account the shift of the kinetic term [1J| , whereas our purpose 
is to consider the generic lagrangian (for details, see appendix El) . 

In the next section, we couple a matter scalar field into gravity in the presence of Weyl non-metricity and derive 
the equations of motion for homogeneous fields. In the following section we then analyze the dynamics of slow-roll 
chaotic inflation and derive constraints on the amount of non-metricity chaotic inflation can tolerate. The results are 
discussed in section ITVl The generic starting lagrangian and the general field equations are confined to the appendices. 

II. SCALAR FIELD AND NON-METRIC GRAVITY 

Let us now consider the possibility that the spacetime connection F is conformally related to the Levi-Civita 
connection F with 

f ^^ = r^^ + (^S^pS^^ - ^5/^75"^) Va logC , (1) 

where C — C{x) is the conformal factor. The scalar curvature is then^ 

TZ = g'^-'R^,, = R- ^^ [4CDC + {D ^ Q){dCf] ■ (2) 

The conformal factor C represents a scalar degree of freedom. If we define ip by 

C = eV(-D-i)(-D-2)^, (3) 

the Einstein-Hilbert action can be written simply as 



^E-H = -z-1 I d.^^V~9T^ = / d^xy/^ 



_R 

2k 



2 (d^r 



(4) 



so the conformal relation contributes, effectively, a massless scalar field to the vacuum. This is a remarkably simple 
way of introducing non-metricity and allows to study its effect on the coupling of gravity and matter. 

For this purpose, let us consider a scalar matter field ^ with a mass m. With the canonical action for the matter 
field, the theory is metric, though more general than Einstein's theory [15|. In the presence of non-metricity, one has 
to reconsider the coupling of the scalar matter fields to gravity. There are several possible lagrangians that all reduce 
to a canonical scalar field theory when the non-metricity vanishes, i.e. when C is a constant. The corresponding action 
can then be interpreted as the work done along the path of the scalar particle, but now the free falling trajectories 
are affected by the non-metricity of the connection. Hence the matter fields are coupled not only to the metric but 
also to the connection, or equivalently, to the graviscalar field (p. 

In the appendix |X] it is shown that the new effects in our case are captured by just a single term, with an unknown 
coefficient 7 in the effective lagrangian which becomes 

2L = -^R - (dip? - [d'i'f + 27K** a^'" - V(^) , (5) 



^ Here □ is the metric d'Alembertian and other unhatted quantities are also metric unless otherwise specified. The reduced Planck mass 
is denoted by k = \/8ttG. 



where k = l/Mp. We thus obtain effectively a two-field system with field dependent kinetic term. The non-metric 
effects are suppressed by the Planck scale Mp. The most general lagrangian is considered in the Jordan and in the 
Einstein frame in the appendix [Al 

Let us now study the implications of the non-metric graviscalar ip for chaotic inflation. The equations of motion 
for the homogenous scalar \1/ and graviscalar ip fields in FRW universe are given by 

where the ^^ terms arise from the field dependent metric in the kinetic term of ([S]). We can bring the field metric 
into a flat form by defining new fields u± and v through du- = \/l — j'^K'^'i'^d'i' (for the region VP < I/7K), 
du+ = Y^^2^2v]/2 _ 1 1^\[> j^f-Qj. ^]-^g region ^ > 1/jk), and dv = dtp — 7K^(i^. Then the scalar degrees of freedom are 
given by 



a/1 — 72ft2\Jf2 arcsin(7K^) , ^ , . 

^^ 5 + TT^-^ (* < 1/7^), (8) 

^ / 2^2^2 _ I In (7K* + ^72^2^2 _ 1^ 

T^+^ ^^% -^ ^ ^ (*>l/7-), (9) 

47K 2 27K 

^ - ^7«;*' ■ (10) 



In terms of the redefined fields the equations of motion now read 

^*K) 



u^ + -iHii^ ± '^ ^^ = (11) 

^ ^ ^11-72^2*2(^^)1 

i}-f3i?w = 0, (12) 

1 



H' ^ 



\i^ ± ii.2^ + V{u^) 



(13) 



We immediately see that non-metricity qualitatively alters the field dynamics when 7KU > 7r/4 (* > I/7K). In 
particular, for 7KM > 7r/4 (the -I- region) an attractive potential Y translates into a repulsive force on the field and 
vice versa. Taking for concreteness a monomial potential Vi^) — Ak"""**" we see that the Klein-Gordon equation 
PT|) becomes 

u^ + mu^ ± f^ 1 ^7^£r^ ^ (14) 



K^ 7""^ V|l-72«;2*2(y^)| 



where close to the point ^nu = 7r/4 we have 



^ 2/3 
7K* ~ 1 + Sign ( -inu - J) [—j= 



7KU 

' 4 



2/3 

(15) 



For potentials y with a positive slope we see that a barrier forms at this point, separating the — from the + region. 
The force exerted there is infinite and the field is driven away from * = I/7K. In the -I- region the field then grows 
without bound and is also a ghost. Even though solutions exist as long as its kinetic term doesn't dominate, it is 
difficult to see how this would lead to a sensible cosmology. On the other hand, the — region does lead to sensible 
slow roll infiation. Slow roll breaks down close to the barrier and hence the total number of efolds in such a model is 
bounded. Note that even though the force is infinite, the barrier has finite width and height and is thus in principle 
crossable both classically and quantum mechanically. If the potential has a negative slope in the -I- region the force 
is attractive (but again infinite at vj/ = I/7K). One can also see that the solution v = const is an attractor. This fixes 
the graviscalar in terms of the infiaton to be 

^=]pn^\ (16) 
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FIG. 1: Left: The field u is plotted as a function of 4'. Inversion of tliis graph gives ^{u). The dashed line shows the 
approximation (|15[1 . Right: The third term of the field equation (|14ll (the negative of the "force" felt by the u field) for a = 2 
(solid) and a — 4 (dashed). A repulsive barrier is formed at the point 711 = 7r/4. (Mp is set to unity in this figure.) 



III. SLOW-ROLL CHAOTIC INFLATION 

Let us now consider slow-roll chaotic inflation with a monomial potential V{'i') ~ Ak"~^^". The slow roll equations 
of motion then read 



,a-l 



3Hu' 



AaK"-**(u 



H' 



Ak"-**(m)" 



(17) 



while V = const. The inflaton, u starts to roll with some initial value u < tt/Sjk. Using N as the time parameter, 
and reverting from u back to ^ for the moment, we obtain for the number of e-folds 



d* 



1 



which is easily integrated to give 



dN k2 ^ (1 - 72«;2^2) ' 



iV~ 1 - *2 

a 2 V 2 



(18) 



(19) 



The approximate equality holds after ignoring a constant of integration and focusing on field values relevant for 
cosmological observations. Slow roll inflation can be supported in the region ii^ < 2V{'^), which implies that slow 
roll breaks down at field values 



vI/2 = 



It 



1-2^72 



272/4 



2j,.2 



(20) 



We see that the necessary condition for the slow roll regime to exist at all is 7 < y/3/2a'^ and that slow roll breaks 
down for two field values: the minus sign in ([20l) gives a lower bound on the value of Vt, which in the limit 7 — >■ 
reproduces the standard result ^^ — ch^/Qk^- However, there is also an upper bound for the field value beyond which 
slow roll is no longer possible. This is because when ^I^ ~ 1/7^, non-metricity introduces corrections which make 
the effective potential felt by the inflaton field steeper, rendering slow roll unattainable. Hence, we conclude that 
non-metricity introduces a bound to the possible number of e-folds a chaotic inflation monomial potential can give. A 
similar result holds for any slow roll potential with a positive slope. Assuming 7 <C 1, we find that for the monomial 
potential 



while requiring that A^ > 60 restricts 7 to be 



A^ < 



Aaj^ 



(21) 



< 



le^a 



(22) 



Deep in the slow roll region where u <^ t:/8jk we can approximate 

\1>(m) ~ m+ -j'^k'^u^ 
whence the equation of motion reads 

This corresponds to an effective potential 

V 6 



1 



6 



2 2 2 
J K U 



0. 



2«2 



and 



H' = — 



•9 -2 



(23) 



(24) 



(25) 



(26) 



Thus, in the slow-roll region non-metricity appears as a subdominant correction in the effective potential felt by the 
inflaton scalar. The number of e-folds as a function of U is calculated to be 



AT '^'2/1 ^222 

N ~ — u 1 ^ n u 



6 



from which u can be written as a function of N 



i^-h'") 



From the above results we obtain for the spectral index at order 7^ 

2 + a a(a-2) 2 

' 2N 2 ' 

Interestingly, the correction at this order vanishes for a = 2. The tensor to scalar ratio is calculated to be 

r ~ 12. 4e ~ 3.1a | h 07^ 

\N 



(27) 



(28) 



(29) 



(30) 



Let us immediately note that the calculations for the spectral index and the tensor to scalar ratio, equations (I29p and 
(I30p . ignore the isocurvature perturbation associated with the extra degree of freedom. Although a proper treatment 
requires a linear perturbation analysis starting from the initial lagrangian ([5]), we can make the following estimates: 
In the {u, v} basis inflation proceeds entirely along the u direction, which definines the adiabatic perturbation, while 
the isocurvature field corresponds to v. Since the trajectory is straight there is no coupling between the two at the 
linear level. Thus we expect the single field conclusions ([^ and ([50)1 to hold for the adiabatic perturbation related 
to u, or equivalently \E', while the perturbations 6v{k) ~ H/k^'^ would imply a perturbation for the graviscalar 



d(p{k) ~ (I+7K*,) 



fc372 



(31) 



where the subscript * as usual indicates evaluation at horizon exit. We discuss the implications of this briefly in the 
discussion. 



IV. DISCUSSION 



The simplest possible implementation of a non-metric theory of gravity introduces a new scalar degree of freedom 
associated with the conformal part of the metric. In turn, this can be cast as a theory of two scalar fields with a 
non-trivial metric in field space. We have examined the implications of such a non-metric theory for inflation and 
found that for inflaton values ^ > 1/7^ such a seemingly innocuous modiflcation has profound implications for the 
way inflation proceeds. In particular, as can be seen from eq (lll[) the effect of non-metricity is to effectively turn an 



attractive inflaton potential into a repulsive one and viceversa. Thus, an inflationary potential with a positive slope 
becomes unstable in the region ^ > 1/7^ leading to a cosmology that cannot represent the inflationary past of our 
universe. On the contrary, for values ^ < I/7K slow roll inflation can proceed with few modifications, mainly in the 
form of small 7 corrections for the spectral index and the scalar to tensor ratio. The main difference from metric 
inflation is that now the non-metricity parameter 7 sets un upper bound for the possible number of e-folds, see eq 
()21|) . In this sense non-mctricity can act as an IR regulator for inflation. 

It is perhaps interesting to note that potentials which are repulsive can turn attractive in the ^ > I/7'* region 
which could then support a viable inflationary cosmology, although again with a point of inflnite force for the field at 
^ = I/7K. 

Let us close by briefly discussing the effects of perturbations. We argued that non-metric inflation would give 
rise to a fluctuation of the graviscalar ip in addition to the standard adiabatic metric perturbation, see eq pip . 
After the inflaton decays the graviscalar perturbation would presumably persist along with the adiabatic metric one 
C(fc) ~ Hf/^/ek"^^^. This would give rise to a non-metric contribution to the perturbed part of the connection, see 
equation ([I}, with (F — r)/r ^ ^ye. Thus, non-metric inflation seems to be generating deviations of the perturbed 
post-inflationary connection from the metric case. Such deviations could be used to constrain non-metricity further 
and we will return to this issue in future work. 
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Appendix A: General scalar field couplings 

The most general lagrangian for a scalar field \1/ that is parity-invariant, first order in curvature and at most 
quadratic in derivatives of ^ can be specified by six functions Ai(*), i — 1, . . . , 6 as: 

L = Al(*)7^ + A2(*)(a*)2 -I- A3(*)*^''.g„;3V,5"'5 + A4(*)*^^V,5^'' + A5(*).g^'^V^V,* + Agl*) . (Al) 

For generality, we included also the nonminimal coupling to curvature, Ai (^). The Palatini variation of this lagrangian 
was done by Burton and Mann in [16|. Here we consider the case that the lagrangian is quadratic in the field ^I', 

Ai(*) = - f-2 +a*2j , A2(1') = a2, A3(*)=a3*, ^4(*)=a4*, A5(*)=a5*, Ag{^) ^ --mH^ . 

.(A2) 
By using conformal relations like ([T|), ^ and partial integrations, we find that the theory can be equivalently written 
in the simple form 

2L= (^ + a^A (r - K^ [dipf] ~ /3 (a*)^ + 27K**,„V3'" - m^*^ ^ (A3) 

where /3 = (05 — 02) /2 and 

7 = — = [{D - l)a + 2Da3 + 2ai + {D - 2)^5] . (A4) 

2^{D-l){D-2) 

When as — a2 > 0, the kinetic term of the field can be made canonical, /3 = 1, by rescaling the field, m is the mass. 
Thus it is clear that there is essentially just one new parameter, 7, which is due to the presence of non-metricity. Its 
effect is to introduce a kinetic mixing between the two scalar degrees of freedom. Additionally, a nonminimal coupling 
a j^ results now also in a derivative interaction. 

Appendix B: Alternative descriptions 
1. Einstein frame 

The rescaling 



brings the lagrangian into the form 



where the components of the kinetic matrix defined by X = ~^Gjjg'^'^(f>^i^(f>"'^ are given by 

7K* „ 1 



G:fi:fi — t , (jr^p-^ — (-^'^ip — 



G 



** 



l + aK2^2 ' I + 0,^2^2 

The potential is 

T>(*) = (1 + aK^*^)^ V"(*) . 
In this paper we however focus on the case a = where the frames coincide. 



13 + 4 -an^'^^ 

^ D-2 



(B2) 



(B3) 



(B4) 



2. Diagonal frame 

To clarify the field content of our the case (O, let us introduce the linear combinations 

(/)± = '5 ± V3 . 

The Lagrangian can then be written, in terms of the eigenfunctions 

1 JK 



^--2±4 



+ 0-) 



as 



2L = R-X+ {d<i)-f - A_ {d(j)+f - 2F / '^+ "^ '^" 



(B5) 



(B6) 



(B7) 



So the diagonalized fields have a nonminimal interaction and both are nontrivially coupled kinetically. Below "the 
barrier" 7^^ < 1 there are no ghosts. 
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